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1. INTRODUCTION
In this paper we consider a Sturm]Liouville difference equation
defy2 Ž2.  4yh D y q q h y s f h , n g Z s 0, "1, "2, . . . , 1.1Ž . Ž . Ž .n n n n
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Ž xwhere here and in the sequel h g 0, h , h is a given positive number,0 0
def  Ž .4 Ž . w .f s f h g L h , p g 1, ‘ ,n ng Z p
def p p5 5 5 5 < <L h s f : f - ‘ , f s f h h ,Ž . Ž . 4 ÝL Žh. L Žh.p np p
ngZ
DŽ2. y s y y 2 y q y , n g Zn nq1 n ny1
and
n ‘
0 F q h - ‘, q h ) 0, q h ) 0, for any n g Z.Ž . Ž . Ž .Ý Ýn k k
ksy‘ ksn
1.2Ž .
Our general goal is to study conditions under which main a priori
Ž .properties of the inversion of 1.1 do not depend on h. To state the
w .problem more precisely, we say that for a given p g 1, ‘ the inversion
Ž . Ž xproblem for 1.1 is regular if regardless of h g 0, h the following0
assertions hold simultaneously:
defŽ . Ž . Ž .  Ž .4I For an f g L h , 1.1 has a unique solution y s y h gp n ng Z
Ž .L h andp
def
y s Gf h s Gf h , Gf h s G h f h h , 4Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ýn nngZ n , m m
mgZ
n g Z. 1.3Ž .
Ž .II
def
5 5G s sup G - ‘. 1.4Ž .L Žh.“ L Žh.0 hg Ž0 , h x p p0
Ž .Here G h , n, m g Z is the Green difference function correspondingn, m
Ž .to 1.1 ,
u h ¤ h , n G mŽ . Ž .n mG h s 1.5Ž . Ž .n , m ½ u h ¤ h , n F m ,Ž . Ž .m n
 Ž . Ž .4 Ž .and u h , ¤ h is a special fundamental system of solutions FSS ofn n ng Z
the equation
hy2DŽ2.z s q h z , n g Z 1.6Ž . Ž .n n n
Ž . Ž . Ž .see Section 2 . In many cases assertions I and II represent main a
Ž . Ž . Ž . w .priori properties of 1.1 . For example, I and II hold for any p g 1, ‘
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Ž .provided 1.2 is replaced by a stronger condition,
def
« s inf inf q h ) 0 1.7Ž . Ž .n
Ž x ngZhg 0, h0
Ž . Ž . Žsee Section 2 . Thus in the cases where 1.7 does not hold for example, if
def
 Ž .4 .q s q h vanishes on some subset Z, i.e., oscillates , the questionn ng Z
Ž . Ž .whether I and II hold remains open. Solving this problem is one of the
goals of this paper. The solution may be interesting for the following
Ž .reasons. Equation 1.1 can be regarded as a difference scheme. It is
known that difference schemes which are stable are especially valuable for
Ž w x.applications see 7, Sect. 12 . Usually, it is more difficult to study the
stability of a difference scheme whenever its coefficients oscillate. In our
Ž . Ž .case, condition 1.2 is satisfied for many equations 1.1 with coefficients
 Ž .4q s q h which are not separated from zero, but at the same timen ng Z
the inversion problem for such equations turns out to be regular for
w . Ž . Ž . Ž .p g 1, ‘ , and hence by I and II the difference scheme 1.1 is stable
Ž w x.see 7, Sect. 12 .
We now briefly describe our approach to the above problem. We study
Ž . w xthe inversion problem for 1.1 following the strategy proposed in 2, 3 . In
w x Ž .particular, the program of 2, 3 includes: A preliminary investigation of
Ž .properties of a special FSS of 1.6 and representation of the Green
Ž . w x Ž .function G h in Davies]Harrell form 4, 6 and B getting two-sidedn, m
Ž .estimates for the Green function G h which are sharp by order on then, m
diagonal.
Ž .In this paper, we present our results related to A . Assertions related to
Ž . Ž .B as well as a criterion for regularity of the inversion problem for 1.1
Ž w x.will be given in forthcoming papers see 5 . Finally, note that our work is
w x Ža natural continuation of the papers 1]4, 8 . We systematically use and
.strengthen methods and devices of the above-mentioned papers.
2. STATEMENT OF RESULTS
In this section we present the main results of the paper. Throughout the
Ž .sequel we assume 1.2 holds.
def 4  Ž . Ž .4 Ž .THEOREM 2.1. There exists a FSS u, ¤ s u h , ¤ h of Eq. 1.6n n ng Z
Ž xsuch that regardless of h g 0, h the following relations hold:0
0 - u h F u h , ¤ h G ¤ h ) 0, n g ZŽ . Ž . Ž . Ž .nq1 n nq1 n
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¤ h u h y u h ¤ h s h ,Ž . Ž . Ž . Ž .nq1 n nq1 n
‘ h
u h s ¤ h , n g ZŽ . Ž . Ýn n ¤ h ¤ hŽ . Ž .kq1 kksn 2.1Ž .
¤ h u hŽ . Ž .n n
lim s lim s 0.
u h ¤ hn“y‘ n“‘Ž . Ž .n n
 Ž . Ž .4 Ž .DEFINITION 2.1. A FSS u h , ¤ h with properties 2.1 will ben n ng Z
Ž . Ž .called principal FSS PFSS of 1.6 .
Ž Ž ..THEOREM 2.2. Suppose that the following condition holds see 1.5 :
def
H s sup sup G h ? h - ‘. 2.2Ž . Ž .Ý n , m
Ž x ngZhg 0, h mgZ0
w . Ž . Ž .Then for any p g 1, ‘ the in¤ersion problem for 1.1 is regular in L h andp
Ž Ž ..G F H see 1.4 .0
Ž . y1COROLLARY 2.2.1. Suppose that 1.7 holds. Then H F « and for any
w . Ž . Ž .p g 1, ‘ the in¤ersion problem for 1.1 is regular in L h .p
Ž x Ž .THEOREM 2.3. For all h g 0, h the Green function G h for n / m0 n, m
Ž w x.admits a representation of Da¤ies]Harrell type see 4, 6 :
y1r2¡ my1 u h hŽ .k
r h r h 1 q , n - m' Ž . Ž . Łn m u h r hŽ . Ž .ksn kq1 k~G h sŽ .n , m y1r2ny1 u h hŽ .k
r h r h 1 q n ) m.' Ž . Ž . Łn m¢ u h r hŽ . Ž .ksm kq1 k
2.3Ž .
defŽ . Ž . Ž .Here n, m g Z, n / m, r h s u h ¤ h , n g Z.n n n
3. PROPERTIES OF FSS OF A
HOMOGENEOUS EQUATION
In this section, we prove Theorem 2.1. We need some auxiliary asser-
tions.
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def  Ž .4LEMMA 3.1. Let y s y h be the solution to the Cauchy problemn ng Z
Ž . Ž .3.1 , 3.2 :
hy2DŽ2. y s q h y h , n g Z 3.1Ž . Ž . Ž .n n n
y s y s 1. 3.2Ž .0 1
Then one has the following recurrent formulae:
n k
2y h s 1 q q h y h h , n G 1 3.3Ž . Ž . Ž . Ž .Ý Ýnq1 s s
ks1 ss1
0 0
2y h s 1 q q h y h h , n F 0. 3.4Ž . Ž . Ž . Ž .Ý Ýny1 s s
ksn ssk
Ž . Ž .Proof. Equalities 3.3 and 3.4 are proved in the same way. We prove
Ž . Ž .3.3 . We compute the sum of equalities 3.1 over n s 1, 2, . . . , k. Accord-
Ž .ing to 3.2 , we get
k
2y h y y h s q h y h h , k G 1. 3.5Ž . Ž . Ž . Ž . Ž .Ýkq1 k s s
ss1
Ž . Ž .By summing equalities 3.5 over k s 1, 2, . . . , n and using 3.2 once again,
Ž .we obtain 3.3 .
Ž . Ž .COROLLARY 3.1.1. The solution to problem 3.1 , 3.2 satisfies the follow-
ing inequalities:
1 F y h F y h for n G 0; 1 F y h F y h if n - 0.Ž . Ž . Ž . Ž .n nq1 nq1 n
3.6Ž .
Ž . Ž . Ž .Proof. The corollary follows from 3.2 , 3.3 , and 3.4 .
Ž . Ž .COROLLARY 3.1.2. The solution to problem 3.1 , 3.2 satisfies the follow-
ing inequalities:
‘ 0h h
- ‘, - ‘. 3.7Ž .Ý Ýy h y y y h y hŽ . Ž . Ž . Ž .ny1 n ny1 nnsy‘ns0
INVERSION PROBLEM I 155
Proof. Both estimates are proved in the same way. Let us check the
Ž . Ž .first one. From 3.5 , 3.6 it follows that
n
2y y y G q h h , n G 1. 3.8Ž . Ž .Ýnq1 n s
ss1
Ž . Ž . n0 Ž . 2By 1.2 , there is n s n h such that Ý q h h G 1rn . Then y y0 ss1 s 0 n q10
Ž . Ž . Ž . Ž . Ž .y G 1rn . From 3.6 and 3.1 it follows that y h y y h G y h yn 0 nq1 n n0
Ž .y h , n g Z. Hence y y y G 1rn for s s 1, 2, . . . . By sum-ny1 n qs n qsy1 00 0
ming the latter inequalities over s s 1, 2, . . . , k we get
k k q 1
y y y G « y G , k s 1, 2, . . .n qk n n qk0 0 0n n0 0
‘ h
« Ý y h y hŽ . Ž .n qk n qkq1ks1 0 0
‘ 2 21 n h n h0 0 02F n h s F - ‘.Ý0 k q 1 k q 2 2 2Ž . Ž .ks1
3.9Ž .
Ž . Ž . Ž .From 3.9 and 3.6 we deduce 3.7 .
 Ž .4  Ž .4 ŽLet us introduce the functions ¤ s ¤ h , u s u h seen ng Z n ng Z
w x.1, 4 :
n h
¤ h s y h ,Ž . Ž . Ýn n y h y hŽ . Ž .ky1 kksy‘
3.10Ž .
‘ h
u h s ¤ h .Ž . Ž . Ýn n ¤ h ¤ hŽ . Ž .k kq1ksn
Ž .By 3.7 , the sequence ¤ is defined for all n g Z. Let us verify that the
‘ Ž . Ž .series Ý hr¤ h ¤ h converges for an n g Z and thus show that theksn k kq1
Ž .sequence u is also defined for all n g Z. Our assertion follows from 3.7
and the definition of ¤
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‘ h
Ý ¤ h ¤ hŽ . Ž .k kq1ksn
y1
‘ k kq1h h h
s Ý Ý Ýž / ž /y h y h y h y h y h y hŽ . Ž . Ž . Ž . Ž . Ž .k kq1 jy1 j jy1 jksn jsy‘ jsy‘
‘ 1 1
s yÝ k kq1h h
ksn Ý Ýy h y h y h y hŽ . Ž . Ž . Ž .jy1 j jy1 jjsy‘ jsy‘
y1 y1n mh h
s y limÝ Ýž / ž /y h y h y h y hm“‘Ž . Ž . Ž . Ž .jy1 j jy1 jjsy‘ jsy‘
y1 y1n ‘h h
s y .Ý Ýž / ž /y h y h y h y hŽ . Ž . Ž . Ž .jy1 j jy1 jjsy‘ jsy‘
 Ž .4 Ž .Proof of Theorem 2.1. Let us verify that ¤ h is a solution to 1.6n ng Z
ny1 nh h
Ž2.D ¤ s y h y 2 y hŽ . Ž .Ý Ýn ny1 ny h y h y h y hŽ . Ž . Ž . Ž .jy1 j jy1 jjs1 jsy‘
nq1 h
qy hŽ . Ýnq1 y h y hŽ . Ž .jy1 jjsy‘
n h h
s y h yŽ . Ýny1 y h y h y hŽ . Ž . Ž .jy1 j njsy‘
n h
y 2 y hŽ . Ýn y h y hŽ . Ž .jy1 jjsy‘
n h h
q y h qŽ . Ýnq1 y h y h y hŽ . Ž . Ž .jy1 j njsy‘
n h
Ž2.s D y hŽ . Ýn y h y hŽ . Ž .jy1 jjsy‘
n h
2 2s h q h y h s h q h ¤ h .Ž . Ž . Ž . Ž .Ýn n n ny h y hŽ . Ž .jy1 jjsy‘
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 Ž .4 Ž .Similarly we verify that u n is also a solution to 1.6 . Let usn ng Z
 Ž . Ž .4compute the wronskian of the solutions u h , ¤ h . We multiply then n ng Z
equalities
u h y 2u h q u h s q h h2 u h , n g ZŽ . Ž . Ž . Ž . Ž .nq1 n ny1 n n
¤ h y 2¤ h q ¤ h s q h h2 ¤ h , n g ZŽ . Ž . Ž . Ž . Ž .nq1 n ny1 n n
Ž . Ž .by ¤ h , u h , respectively. Taking the difference of the resulting equali-n n
ties, we are led to the following recurrent relation
u h ¤ h y ¤ h u h s u h ¤ h y u h ¤ h ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .nq1 n nq1 n n ny1 ny1 n
n g Z. 3.11Ž .
Ž .By repeatedly applying 3.11 , we get
u h ¤ h y ¤ h u hŽ . Ž . Ž . Ž .nq1 n nq1 n
s u h ¤ h y ¤ h u hŽ . Ž . Ž . Ž .1 0 1 0
‘ h
s ¤ h ¤ hŽ . Ž .Ý1 0ž /¤ h ¤ hŽ . Ž .j jq1js1
‘ h
y ¤ h ¤ hŽ . Ž .Ý0 1ž /¤ h ¤ hŽ . Ž .j jq1js0
‘ h
s ¤ h ¤ hŽ . Ž . Ý0 1 ¤ h ¤ hŽ . Ž .j jq1js1
‘ h
y ¤ h ¤ hŽ . Ž . Ý0 1 ¤ h ¤ j hŽ . Ž .j jq1js0
s yh.
Ž . Ž . Ž Ž ..Thus 3.10 is a FSS of 1.6 with wronskian h see 2.1 . We now verify
 Ž .4that the sequence ¤ h does not decrease. For n g Z one hasn ng Z
¤ h y ¤ hŽ . Ž .nq1 n
nq1 h
s y hŽ . Ýnq1 y h y hŽ . Ž .ky1 kjsy‘
n h
y y hŽ . Ýn y h y hŽ . Ž .ky1 kksy‘
nh h
s q y h y y h . 3.12Ž . Ž . Ž .Ž . Ýnq1 ny h y h y hŽ . Ž . Ž .n ky1 kksy‘
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Ž . Ž . Ž . Ž .If n G 0, from 3.6 it follows that ¤ h G ¤ h . For n - 0 from 3.6 ,nq1 n
Ž . Ž . Ž . Ž . Ž .3.12 , and the inequality y h y y h G y h y y h , n g Z wenq1 n n ny1
get
nh h
¤ h y ¤ h s q y h y y hŽ . Ž . Ž . Ž .Ž . Ýnq1 n nq1 ny h y h y hŽ . Ž . Ž .n ky1 kksy‘
nh y h y y hŽ . Ž .k ky1G q hÝy h y h y hŽ . Ž . Ž .n ky1 kksy‘
nh 1 1
s q h yÝ ž /y h y h y hŽ . Ž . Ž .n ky1 kksy‘
h h
s y s 0.
y h y hŽ . Ž .n n
 Ž .4Similarly, one can verify that the sequence u h does not increasen ng Z
Ž .for n g Z. Let us check the limit relations in 2.1 . Since the series
‘ Ž .2 Ž .Ý hr¤ h converges, we conclude that ¤ h “ ‘ as k “ ‘. Inksn kq1 k
Ž . Ž . Ž . Ž .addition, u h G u h for all n G 0. Hence u h r¤ h “ 0 as n “ ‘.0 n n n
Similarly, since one has
¤ h ¤ h hŽ . Ž .nq1 ny s
u h u h u h u hŽ . Ž . Ž . Ž .nq1 n n nq1
n n¤ h h hŽ .nq1« G G ,Ý Ý 2u h u h u hŽ . Ž . Ž . u hŽ .nq1 k kq1ksy‘ ksy‘ k
Ž . Ž . Ž .we conclude that u h “ ‘ as n “ y‘. But ¤ h F ¤ h for n F 0.n k 0
Ž . Ž .Hence ¤ h ru h “ 0 as n “ y‘.n n
4. A SUFFICIENT CONDITION FOR REGULARITY
OF THE INVERSION PROBLEM
In this section, we prove Theorem 2.2 and Corollary 2.2.1. We need
some auxiliary assertions.
 Ž .4 Ž . Ž .LEMMA 4.1. If a solution z h to 1.6 belongs to L h , thenn ng Z p
Ž .z h ’ 0, n g Z.n
Ž . Ž . Ž .Proof. Assume the contrary. Then z h s c ¤ h q c u h , n g Zn 1 n 2 n
Ž .where c , c are absolute constants. Let, say, c / 0. By 2.1 , there is no1 2 1
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y1 < < < < Ž Ž . Ž .. Ž .n 4 1 such that 2 c G c u h r¤ h for n G n . Then 2.1 leads0 1 2 n n 0
to a contradiction:
‘ ‘
p p p5 5 < < < <‘ ) z G z h h s c ¤ h q c u h hŽ . Ž . Ž .Ý ÝL Žh. n 1 n 2 np
nsn nsn0 0
p p
‘u h u hŽ . Ž .n np p < < < <G ¤ h c q c G ¤ c y c hŽ .Ý Ýn 1 2 n Žh. 1 20¤ h ¤ hŽ . Ž .n nnsn nsn0 0
p ‘¤ hŽ .n0 < <G c h 1 s ‘ « c s 0.Ý1 12 nsn0
Ž . Ž . Ž .Since according to 2.1 one has u h f L h , we conclude that c s 0.n p 2
 Ž .4 Ž .COROLLARY 4.1.1. If there exists a solution y s y h g L h ton ng Z p
Ž .1.1 , it is unique.
Proof. We derive the assertion from Lemma 4.1 by a standard argu-
ment.
Ž Ž ..LEMMA 4.2. For n, m g Z one has the following inequalities see 1.5 :
G h F u h ¤ h . 4.1Ž . Ž . Ž . Ž .n , m n n
Ž .Proof. From 2.1 it follows that
¤ h ? ¤y1 h , n G mŽ . Ž .m nG h s u h ¤ h F u h ¤ h .Ž . Ž . Ž . Ž . Ž .n , m n n n ny1½ u h ? u h , n F mŽ . Ž .m n
Ž Ž .. Ž .LEMMA 4.3. If H - ‘ see 2.2 , then for any n g Z series, 1.3
absolutely con¤erges.
Ž . Ž .Proof. We apply Holder’s inequality, 4.1 , and 2.2¨
< < < <y h F G h f h hŽ . Ž . Ž .Ýn n , m m
mgZ
1rp9 1rp
p< <F G h h G h f h hŽ . Ž . Ž .Ý Ýn , m n , m mž / ž /
mgZ mgZ
4.2Ž .
1rp1r p9 5 5F H u h ¤ h f .Ž . Ž .Ž . L Žh.n n p
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 Ž .4 Ž .Ž . Ž Ž ..LEMMA 4.4. For any f s f h the function y s Gf h see 1.3n ng Z
Ž .is a solution to 1.1 .
Proof. The following chain of calculations is based on Lemma 4.3 and
Ž .2.1 .
ny1 ‘
Ž2.D y n s u h ¤ h f h h q ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýn ny1 m m ny1 m m
msy‘ msn
n ‘
y2 u h ¤ h f h h q ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýn m m n m m
msy‘ msnq1
nq1 ‘
q u h ¤ h f h h q ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýnq1 m m nq1 m m
msy‘ msnq2
ny1 n
s u h ¤ h f h h y 2u h ¤ h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýny1 m m n m m
msy‘ msy‘
nq1 ‘
qu h ¤ h f h h q ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýnq1 m m ny1 m m
msy‘ msn
‘ ‘
y2¤ h u h f h h q ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýn m m nq1 m m
msnq1 msnq2
n
Ž2.s D u h ¤ h f h h y u h ¤ h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ýn m m ny1 n n
msy‘
‘
Ž2.qu h ¤ h f h h q D ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .Ýnq1 nq1 nq1 n m m
msnq1
q¤ h u h f h h y ¤ h u h f h hŽ . Ž . Ž . Ž . Ž . Ž .ny1 n n nq1 nq1 nq1
2s h q h y h y ¤ h u h y ¤ h u h hf hŽ . Ž . Ž . Ž . Ž . Ž . Ž .n n n ny1 ny1 n n
s q h h2 y h y h2 f h . 4.3Ž . Ž . Ž . Ž .n n n
Ž Ž .. Ž .LEMMA 4.5. If H - ‘ see 2.2 , 1.4 holds.
 Ž .4 Ž . w . Ž .Ž .Proof. Let f s f h g L h , p g 1, ‘ and let y s Gf h ben ng Z p
Ž . Ž .defined by 1.3 . We use Holder’s inequality, symmetry of G h , and a¨ n, m
known theorem on changing the order of summation for multiple series
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w xwith non-negative terms 9, Chap. I, Sect. 6.2 :
1rpp1rp
p5 5 < <y s y h h s G h f h h hŽ . Ž . Ž .Ý Ý ÝL Žh. n n , m mp ž / ½ 5
ngZ ngZ mgZ
1rpprp9
p< <F G h h G h f h h hŽ . Ž . Ž .Ý Ý Ýn , m n , m m½ 5
ngZ mgZ mgZ
1rp
p1r p9 < <F H G h f h h hŽ . Ž .Ý Ý n , m mž /½ 5
ngZ mgZ
1rp
p1r p9 < <s H G h f h h hŽ . Ž .Ý Ý n , m mž /½ 5
mgZ ngZ
1rp
p1r p9 < < 5 5s H f h G h h h F H f .Ž . Ž .Ý Ý L Žh.m n , m pž /½ 5
mgZ ngZ
Proof of Theorem 2.2. The assertion follows from Corollary 4.1.1 and
Lemmas 4.4 and 4.5.
LEMMA 4.6. One has
q h G h h F 1, n g Z. 4.4Ž . Ž . Ž .Ý m n , m
mgZ
Proof. We sum the equalities
DŽ2.¤ h s q h h2 ¤ h , DŽ2.u h s q h h2 u h , k , s g ZŽ . Ž . Ž . Ž . Ž . Ž .k k k s s s
Ž .over k s n, n y 1, n y 2, . . . ; s s n, n q 1, . . . . By 2.1 , we get
n¤ h y ¤ hŽ . Ž .nq1 n G q h ¤ h h ,Ž . Ž .Ý k kh ksy‘
4.5Ž .
‘u h y u hŽ . Ž .n nq1 G q h u h h.Ž . Ž .Ý s sh ssnq1
CHERNYAVSKAYA AND SHUSTER162
Ž . Ž .From 4.5 and 2.1 it then follows that
u h ¤ h y ¤ h u h ¤ h y ¤ hŽ . Ž . Ž . Ž . Ž . Ž .n nq1 n nq1 nq1 n
1 s s u hŽ .nh h
nu h y u hŽ . Ž .n nq1q¤ h G u h q h ¤ h hŽ . Ž . Ž . Ž .Ýn n k kh ksy‘
‘
q¤ h q h u h h s G h q h h.Ž . Ž . Ž . Ž . Ž .Ý Ýn s s n , m m
ssnq1 mgZ
Ž . y1Proof of Corollary 2.2.1. By 4.4 , one has H F « :
1 G q h G h h G « G h « H F «y1 .Ž . Ž . Ž .Ý Ým n , m n , m
mgZ mgZ
It remains to apply Theorem 2.2.
5. REPRESENTATION OF THE GREEN FUNCTION
IN THE DAVIES]HARRELL FORM
Ž . Ž .In this section, we obtain representation 2.3 for G h .n, m
Ž .Proof of Theorem 2.3. From 2.1 we obtain for k g Z
¤ h ¤ h h ¤ h u h hŽ . Ž . Ž . Ž .kq1 k k ks q s 1 q ,
u h u h u h u h u h u h r hŽ . Ž . Ž . Ž . Ž . Ž . Ž .kq1 k k kq1 k kq1 k
k g Z. 5.1Ž .
Ž .Let n - m. We multiply equalities 5.1 over k s n, n q 1, . . . , m y 1 and
get
my1¡¤ h ¤ h u h hŽ . Ž . Ž .m n ks 1 q , n - m , n , m g ZŁ~ u h u h u h r hŽ . Ž . Ž . Ž .ksnm n kq1 k¢u h ¤ h s r h .Ž . Ž . Ž .m m m
5.2Ž .
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Ž . Ž . Ž . Ž . Ž . Ž .Denote c h s ¤ h ru h , n g Z. From 5.2 we derive 5.3 and 5.4 ,n n n
for n - m, m g Z:
1r2my1 u h hŽ .k¤ h s c h r h 1 q 5.3'Ž . Ž . Ž . Ž .Ým n m u h r hŽ . Ž .kq1 kksn
y1r2my1r h u h hŽ . Ž .m k
u h s 1 q . 5.4Ž . Ž .Łm ( c h u h r hŽ . Ž . Ž .ksnn kq1 k
Hence for n - m, n, m g Z we obtain
y1r2my1r h u h hŽ . Ž .m k
G s ¤ h u h s ¤ h 1 qŽ . Ž . Ž . Łn , m n m n ( c h u h r hŽ . Ž . Ž .ksnn kq1 k
y1r2my1 u h hŽ .ks r h r h 1 q .' Ž . Ž . Łn m u h r hŽ . Ž .ksn kq1 k
The case n ) m, n, m g Z can be treated in a similar way.
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